A unified theory for minimum exponential-term ansatzes on bath correlation functions is proposed for numerically efficient and physically insightful treatments of non-Markovian environment influence on quantum systems. For a general Brownian oscillator bath of frequency Ω and friction ζ, the minimum ansatz results in the correlation function a bi-exponential form, with the effectiveΩ and friction ζ being temperature dependent and satisfyingΩ/Ω = (ζ/ζ) 1/2 =r BO /r BO ≤ 1, wherer BO =ζ/(2Ω) and r BO = ζ/(2Ω). The maximum value ofr BO = r BO can effectively be reached when k B T ≥ 0.8Ω. The bi-exponential correlation function can further reduce to single-exponential form, in both the diffusion (r BO 1) limit and the pre-diffusion region that could occur when r BO ≥ 2. These are remarkable results that could be tested experimentally. Moreover, the impact of the present work on the efficient and accuracy controllable evaluation of non-Markovian quantum dissipation dynamics is also demonstrated. Published by AIP Publishing.
I. INTRODUCTION
We propose a so-called minimum-dissipaton ansatz (MDA) that is closely related to the common practice on using one or few exponential function(s) to analyse dynamical properties observed in experiments and simulations in research. The involving exponents are often related to chemical reaction rates, energy relaxations, and decoherences processes. Moreover, the number of the exponential terms, and also the values of the exponents and coefficients, varies as temperature and other experimental parameters. Detailed analysis on them will not only result in rate information but also the underlying mechanisms.
The proposed MDA method in this work would also greatly facilitate the numerical implementation of the hierarchical-equations-of-motion (HEOM), [1] [2] [3] [4] [5] [6] an exact and nonperturbative quantum dissipation theory. As it is operationally friendly, HEOM has been applied to various systems, including the transient quantum transport through impurities, [7] [8] [9] and coherent excitation energy transfer and nonlinear optical spectroscopy in biological pigment-protein complexes. [10] [11] [12] [13] [14] [15] [16] Recently, Yan and co-workers developed the dissipatonequation-of-motion (DEOM) theory. 17, 18 As a quasi-particle theory for interacting environments, DEOM treats also the hybrid bath dynamics that are often experimentally measurable. These include the Fano interferences [19] [20] [21] and HerzbergTeller vibronic couplings 22, 23 in optical spectroscopies, reaction rate fluctuations in single-molecule experiments, 24, 25 and transport current shot noise spectrum. 26, 27 Moreover, an a) J.-J. Ding and H.-D. Zhang contributed equally to this work. b) Electronic address: yanyj@ustc.edu.cn exact DEOM theory for nonlinear environment couplings has also been established. 28 Without loss of generality, we will illustrate the tobe-developed MDA theory with a Gaussian environment, where DEOM recovers HEOM. The explicit expression for HEOM/DEOM depends on the bath correlation function in an exponential decomposition form [setting β = 1/(k B T ) and = 1 hereafter],
The first identity is the fluctuation-dissipation theorem. The second identity is formally exact as K → ∞. Conventionally, it is carried out via certain sum-over-poles decomposition methods on the individual components of the Fourier integrand, followed by the Cauchy's contour integration in the lower-half plane. [29] [30] [31] [32] [33] [34] [35] [36] Thus, K = N J + N Bose , with N J and N Bose being the numbers of poles from the bath spectrum density J(ω) and the Bose function, respectively. For the case of N a dissipation modes, the total number of dynamical variables in the HEOM/DEOM formalism will be
Here, L denotes the truncation tier level. There has been much effort on developing efficient HEOM methods, such as the on-the-fly numerical filtering algorithm, 37 the sparse matrixes algorithm, 38 the Padé spectrum decomposition of Bose function, 35 ,36 the derivative-resum tier level truncation, 39 and so on. To advance DEOM/HEOM as a standard tool in computational nonlinear spectroscopy, we have also put forward a mixed Heisenberg-Schrödinger scheme. 13, 18 Furthermore, the DEOM/HEOM propagator is suited perfectly for the usage of graphics processing units. 15 the influence of bath assumes to be purely diffusive. 40 Existing machineries for the non-Drude environment [41] [42] [43] [44] [45] remain in general rather expensive. Note that in the DEOM theory, each exponential term in Eq. (1) associates with a statistical quasi-particle, the dissipaton. 17, 18 On the other hand, the K-space sum-over-poles expansion of the Fourier integrand is rather mathematical. This would have little relation to the common practice of using one or few exponential function(s) to physically analyse the dynamical environment influence. The MDA theory to be developed in this work aims at K = N J ≤ 2 and N B = 0, effectively, with the renormalized single or pair exponential terms to be more physically relevant.
In this work, the MDA refers to the bi-exponential approximation for the general of Brownian oscillator (BO) bath; see Sec. II. It could further reduce to a single-exponential form, in two well-defined and accuracy controllable limiting situations; see Sec. III. We will see that in a broad range of parameter space the proposed MDAs work very well, in comparing with the exact dynamics. We conclude this paper with Sec. IV.
II. MINIMUM-DISSIPATON ANSATZ
The spectral density of a BO bath is given by 29, 30, 45 
Here, λ is the solvation energy; Ω and ζ are the bath frequency and friction constant, respectively. Each BO mode has two poles in the lower-half plane, having
As characterized by r BO ≡ ζ/(2Ω), the BO can be underdamped (r BO < 1), critically damped (r BO = 1), overdamped (r BO > 1), or strongly overdamped (r BO 1), respectively. The MDA for BO bath (MDA-BO) adopts [cf. Eq. (1)]
All involving parameters are complex and temperature dependent, and to be determined soon; cf. Eq. (6) . The exponents take the pair form of Eq. (3),
The effective frequency and friction parameters,Ω andζ, will also be temperature-dependent. In this work, we propose the following three complex equations to evaluate the MDA-BO parameters:
Here,
The dispersion function, D(ω) in Eq. (7), is related to the spectrum, C(ω) = J(ω)/(1 − e −βω ), via the Kramers-Kronig relation,
Here, P denotes the principle part. The above relations lead tô
This gives to the last identity of Eq. (6b), given J(ω) of Eq. (2). As described in Eqs. (6a)-(6c), the minimum-dissipaton ansatz, Eq. (4), is exact at t = 0, and the resultant approximateŝ C(ω) andĈ (ω) are also exact at ω = 0.In Appendix, we present the derivations on the solutions to Eq. (4) 
The solutions to Eq. (6) read
Finally but not the least, the MDA-BO, Eq. (6), acquires the bath spectrum [cf. Eqs. (A15)-(A19)],
with [cf. Eqs. (2), (A17b), and (A19)]
The Bose function in the MDA-BO reads then
Unlike Matsubara and Padé expansions, 35, 36 this is not universal, but specialized for Brownian oscillators. Figure 1 shows the MDA-BO bath spectrum, C(ω) of Eq. (13) (12)], for the resulting HEOM dynamics [Eq. (16) ], on a spin-boson system, H S = σ z + Vσ x , with = V = λ = 100 cm 1 . Upper panels: P 2 (t) = 2 |ρ S |2 ; lower panels: S(t) = −tr S [ρ S (t) ln ρ S (t)], scaled by S max = ln 2, the maximum entropy of a two-level system. The time is in the unit of bare system oscillation period. The exact dynamics are shown in thin-curves. present MDA-BO description is valid for about k B T/Ω > 0.08, covering almost the whole range of parameter r BO . This remarkable feature will greatly facilitate the implementation of various quantum dissipation methods, such as the quantum master equations 30,46-51 and the numerical path-integral propagators. [52] [53] [54] In this work, we demonstrate the MDA-BO [Eq. (4)] with its resulting HEOM formalism, [1] [2] [3] [4] 
Here,Q S denotes the system dissipation mode, through which the generalized Langevin forceF B acts on the system;η ± = η ± if γ ± is real, orη ± = η ∓ if γ + = γ * − , respectively. In Eq. (16), { ρ n 1 n 2 (t)}, the auxiliary density operators in the original HEOM theory, [1] [2] [3] [4] [5] [6] are actually the dissipaton density operators, according to their physical picture. 17, 18 The DEOM theory supports also direct evaluation of hybrid bath dynamics, based on the underlying dissipaton algebra. Figure 3 reports the resulting HEOM (16) evaluations on a spin-boson model system. Illustrated are the population transfer and entropy evolutions, at 77 K (red) and 300 K (black), for the underdamped (r BO = 0.1), critically damped (r BO = 1), and overdamped (r BO = 5) cases, respectively. The bath coupling strength and frequency are fixed at 2λ = Ω = 200 cm 1 . The system Hamiltonian and dissipation mode are H S = σ z + Vσ x andQ S = σ z , respectively, with = V = 100 cm 1 , and Ω S = 2 √ 2 + V 2 the transition frequency. As anticipated from Fig. 1 , the evaluated dynamics, especially those at T = 300 K, agree excellently with the exact results that are shown in thin-curves in individual panels. Note that for r BO = 1 and Ω = 200 cm 1 , the effectiver BO = 0.8856 and 0.9938, at T = 77 and 300 K, respectively.
III. SINGLE-DISSIPATON LIMITS

A. Strongly overdamped (Drude) bath
The Drude bath spectral density is
The MDA-Drude would go with
The addition of a white-noise term is in line with the common practice on an efficient evaluation of the bath influence at the moderately low temperature regime. 40, 55, 56 For the Drude dissipation, F 2 B B diverges; thus Eq. (6a) will not be used. Eqs. (6b) and (6c) will only be exploited, which read now
The identity of C (0) = λ/γ D is used here. Again, we use the Matsubara expansion to evaluate D (0), and express the result in terms of [cf. Eq. (A11b)]
where θ D = 1/( βγ D ) and
The solutions to Eq. (19) read then
The exact value on Im F B (t)F B (0) B = −λγ D e −γ D t is recovered without approximation. The accuracy control function for the MDA-Drude, Eq. (18), would be
This is a real function, as just mentioned that its imaginary part is zero. Figure 4 
It is anticipated that the MDA-Drude is valid when both γ D τ D and τ D /τ S are small enough, where τ S denotes the characteristic time scale of the system in study.
For the MDA-Drude [Eq. (18)], the HEOM readṡ Figure 5 reports its performance on the same two-level system as Fig. 3 , compared with the exact dynamics (thin-curves). The value Ω S = 2 √ 2 × 100 cm 1 is fixed. Illustrated are the resulting dynamics, with γ D = Ω S , at three specified values of θ D = k B T/γ D . In the present study, the MDA-Drude dynamics are numerically accurate when θ D > 0.5.
B. Highly overdamped (pre-diffusion) bath
Consider now the pre-diffusion or highly overdamped (HO) case, where r BO > 1, or more preciselyr BO > 1 is finite. The HO regime is then about where the faster-decay component of Eq. (4) should be of the Caldeira-Leggett's type, 57
The MDA-HO bath correlation function assumes then
The parameters γ + > 0 and η + ≡ η (r)
+ had been given by the MDA-BO in Sec. II. However, the real γ > 0 and the complex parameter η should be determined [cf. Eq. (31)]. They would deviate from γ − and η − , respectively, for a certain compensation over the given white-noise approximant of Eq. (27) . On the other hand, this approximant rules out the possibilities of Eq. (6a) completely, and further the imaginary part of Eq. (6b), since ∫ ∞ 0δ (t)dt = −δ(0). Neither δ(0) norδ(0) by own is physically defined. The survivals would only be the real part of Eq. (6b) and the complex Eq. (6c) from which the MDA-HO parameters, the complex η and the real γ, can be determined. To evaluate those survivals from Eq. (6), we exploit the identities, 2 ∫ ∞ 0 δ(t)dt = 1, and
Consequently, the survival expressions from Eq. (6) for the MDA-HO, Eq. (27), read (denoting η ≡ η r + iη i ) We obtain
The values of C(0), and the real and imaginary parts ofĈ (0) = C (0) + iD (0) were given in Eqs. (A4), (A5), and (A11b), respectively. Together with the real parts of Eqs. (6b) and (6c), which determine γ − , we have
Note that
itself is a function of r BO and θ = k B T/Ω. The above MDA-HO damping ratio, as depicted in Fig. 6 , shows a relatively mild dependence on r BO and θ. Evidently, γ → γ − , when either r BO 1 or θ 1.
For the MDA-HO [Eq. (27) ], the HEOM readṡ
with To conclude this subsection, let us comment on the accuracy control function for the MDA-HO [Eq. (27) ],
IV. CONCLUDING REMARKS
In summary, we proposed a protocol, Eq. (6), for Brownian oscillator correlation function to be expressed in a biexponential form, Eq. (4). Proposed are also its two variations, Eqs. (19) and (29), for the diffusion limit and the pre-diffusion regime, respectively, where the correlation functions, Eqs. (18) and (27) , are effectively of single-exponent. All these minimum ansatzes are accuracy controllable, and support a broad range of parameter space. The resulting exponents and pre-exponential coefficients are generally all temperaturedependent. In particular, for a general Brownian oscillator bath of frequency Ω and friction ζ, the resulting effectivē Ω and frictionζ satisfyΩ/Ω = (ζ/ζ) 1/2 ≤ 1. The maximum ratio here can effectively be reached when k B T ≥ 0.8Ω. In this regime,Ω = Ω andζ = ζ, and the classical (or a quasiclassical) bath description could be valid. The present MDA-BO of Eq. (4) The impact of the present work on the efficient evaluation of non-Markovian quantum dissipation dynamics is demonstrated with the accurate HEOM evaluations on quantum dissipative dynamics. Apparently, the minimum-dissipaton ansatz and its two variations are all semiclassical bath theories. They will also facilitate the implementation of other quantum dissipation methods, such as the numerical path integral influence functional propagators [52] [53] [54] and quantum master equations. 30, [46] [47] [48] [49] [50] [51] For the Brownian oscillator baths, all these ansatzes have analytical expressions. However, the detailed construction of minimum-dissipaton ansatz could be varied for different bath models. For example, Eq. (6c) would not be applicable for the class of Ohmic baths, 29, 58 since its spectral density, J(ω) ∝ ω|ω| s−1 e −|ω |/ω c , has the first-order discontinuity at ω = 0. An alternative condition will be needed. On the other hand, one may numerically decompose a general J(ω) in the multiple-Brownian-oscillators form. 30, 31, 45 The composite bath correlation function in the ansatz-based exponential expansion is then followed by using the analytical results of this work. Nevertheless, the principle of minimumdissipaton ansatz is general, and it is related closely to the common practice of using one or few exponential function(s) to analyse dynamical properties observed in experiments and simulations.
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APPENDIX: DERIVATIONS OF EQS. (10)-(14)
From Eqs. (6a) and (6b), we have
Substitute it to Eq. (6c), followed by some simple algebra, we obtainζĈ
The solution to this complex equation is
The identityĈ(ω) = C(ω) + iD(ω) is used here.
The exact values for C(0) and D(0), given in the last expression of Eq. (6), read [noting that θ = 1/( βΩ)]
It is also easy to obtain
, we obtain immediately the following properties,
Here,r BO ≡ζ/(2Ω).
The exact values of F 2 B B
and D (0) can be evaluated via the identity,
While γ 
After some elementary (but rather tedious) algebra we obtain the expressions, 
where
Ψ ≡ 2 
Together with Eq. (12a) we obtain Eq. (12b). Turn now to Eqs. (13) and (14), the property of the ansatz bath spectrum. From Eq. (4), we havê
The last expression is obtained by using Eqs. (6a) and (6b). Its real part is the spectrum and reads 
